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Since the uncertainty about an observable of a system prepared in a quantum state is usually
described by its variance, when the state is mixed, the variance is a hybrid of quantum and classical
uncertainties. Besides that, complementarity relations are saturated only for pure, single-quanton,
quantum states. For mixed states, the wave-particle quantifiers never saturate the complementarity
relation and can even reach zero for a maximally mixed state. So, to fully characterize a quanton it is
not sufficient to consider its wave-particle aspect; one has also to regard its correlations with other
systems. In this paper, we discuss the relation between quantum correlations and local classical
uncertainty measures, as well as the relation between quantum coherence and quantum uncertainty
quantifiers. We obtain a complete complementarity relation for quantum uncertainty, classical
uncertainty, and predictability. The total quantum uncertainty of a d-paths interferometer is shown
to be equivalent to the Wigner-Yanase coherence and the corresponding classical uncertainty is
shown to be a quantum correlation quantifier. The duality between complementarity and uncertainty
is used to derive quantum correlations measures that complete the complementarity relations for
l1-norm and l2-norm coherences. Besides, we show that Brukner-Zeilinger’s invariant information
quantifies both the wave and particle characters of a quanton.
Keywords: Quantum uncertainty; Classical uncertainty; Complementarity relations
I. INTRODUCTION
Quantum phenomena are manifestly unpredictable.
While classical uncertainty arises from ignorance, quan-
tum uncertainty is intrinsic. Even for pure quantum
states that represents the maximal knowledge that one
could have about quantum states, we can only make
probabilistic predictions. The situation get even worse
when we consider two incompatible observables of a sys-
tem. This is captured by the uncertainty relations, like
the Heisenberg-Robertson uncertainty relation [1], which
is represented by the expression
V(ρ,A)V(ρ,B) ≥ 1
4
|Tr(ρ[A,B])|2, (1)
where V(ρ,A) = Tr ρA2 − (Tr ρA)2 is the variance of
the observable A in the quantum state ρ and V(ρ,B)
is defined similarly. The existence of incompatible ob-
servables in quantum mechanics is somewhat related to
quantum coherence, a kind of quantum superposition [2].
However, in real experiments, most quantum states are
mixed, which means that some of the unpredictability is
actually classical. Since the uncertainty of an observable
in a quantum state is usually described by variance, when
the states are mixed, the variance is a hybrid of quantum
and classical uncertainties. In [3], Luo proposed a decom-
position of the variance into classical and quantum parts.
As pointed out by Luo, the key observation is that the
Wigner-Yanase skew information [4] can be interpreted as
a measure of quantum uncertainty and the classical un-
certainty can be captured by the difference between the
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total variance and the quantum uncertainty quantified by
the Wigner-Yanase skew information. Later, the same
author also established a different uncertainty relation
which is stronger than Eq. (1), by taking into account
only the quantum uncertainties [5]. More recently, the
same decomposition was done for entropic uncertainty
relations in [6].
Another intriguing aspect of quantum mechanics is the
wave-particle duality [7]. This characteristic is generally
captured, in a qualitative way, by Bohr’s complemen-
tarity principle. It states that quantons [18] have char-
acteristics that are equally real, but mutually exclusive.
It’s known that, in a two-way interferometer, such as the
Mach-Zehnder interferometer or the double-slit interfer-
ometer, the wave aspect is characterized by interference
fringes, meanwhile the particle nature is given by the
which-way information of the path along the interferom-
eter, so that the complete knowledge of the path destroys
the interference pattern and vice-versa. A quantitative
version of the wave-particle duality was first investigated
by Wooters and Zurek [8], and later captured by a com-
plementarity inequality in [9, 10]
P 2 + V 2 ≤ 1, (2)
where P is the predictability and V is the visibility of the
interference pattern. Several important steps have been
taken towards the quantification of the wave-particle du-
ality by many authors, such as Dürr’s [11] and Englert et
al.’s [12], that established minimal and reasonable con-
ditions that any visibility and predictability measures
should satisfy. As well, with the rapidly development
of the field of Quantum Information, it was suggested
that the quantum coherence [13] would be a good gen-
eralization of the visibility measure [14–17]. Meanwhile,
predictability is a measure of the knowledge about the
quantum level in which a quanton [18] is to be found.
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2These levels can represent, besides the paths on a Mach-
Zehnder interferometer, energy levels of an atom [19] or,
more generally, population levels [20]. So far, many lines
of reasoning were taken for quantifying the wave-particle
properties of a quantum system [21–25].
Complementarity relations like the one in Eq. (2) are
saturated only for pure, single-particle, quantum states.
For mixed states, the left hand side is always less than
one and can even reach zero for a maximally mixed state.
Hence no information about the wave and particle as-
pects of the system can be obtained. As noticed by Jakob
and Bergou [26], this lack of knowledge about the system
is due to quantum entanglement [27, 28] or, more gen-
erally, to quantum correlations [29]. This means that
the information is being shared with another system and
this kind of quantum correlation can be seen as respon-
sible for the loss of purity of each subsystem such that,
for pure maximally entangled states, it is not possible
to obtain information about the local properties of the
subsystems. So, to fully characterize a quanton it is not
enough to consider its wave-particle aspect; one has also
to look to its correlations with another systems. Hence,
in the context of complementarity relations, in this arti-
cle we show that quantum correlations give rise to local
classical uncertainties, if we consider the quanton part of
a pure multipartite quantum system, meanwhile quan-
tum coherence gives rise to quantum uncertainties. In
addition, we show that the quantum uncertainty of all d
paths is equivalent to the Wigner-Yanase quantum coher-
ence [30], whereas the classical uncertainty can be taken
as a correlation quantifier. We also discuss the relation-
ship between Luo ’s criteria for quantum and classical
uncertainties and Dürr-Englert et al.’s criteria for wave-
particle duality. Finally, by exploring this relation, we
obtain a quantum correlation measure that completes the
l1-norm and l2-norm complementarity relations reported
in [25].
The remainder of our paper is organized as follows: in
Sec. II, we discuss the relationship between Luo’s crite-
ria for quantum and classical uncertainties, and Dürr-
Englert et al.’s criteria for wave-particle duality. In
Sec. III, we obtain a complete complementarity relation
(CCR) between quantum and classical uncertainties and
predictability. In addition, we show that the quantum
uncertainty of all d-paths is equivalent to the Wigner-
Yanase quantum coherence, meanwhile the classical un-
certainty can be taken as a correlation quantifier. In Sec.
IV, by exploring the duality of complementarity and un-
certainty, we obtain a quantum correlation measure that
completes the l1-norm and l2-norm complementarity re-
lations. For last, our conclusions are given in Sec. V.
II. RELATION BETWEEN CRITERIA FOR
UNCERTAINTIES AND CRITERIA FOR
COMPLEMENTARITY QUANTIFIERS
In the formalism of Quantum Mechanics [31], the un-
certainty of an observable A, like the path of a multi-slit
interferometer, when the system is in the state ρ, is given
by the variance
V(ρ,A) = Tr ρA20 = Tr ρA2 − (Tr ρA)2, (3)
where A0 = A − Tr ρA. Since, in general, ρ describes a
mixed state, the variance V(ρ,A) quantifies both quan-
tum and classical uncertainties. Luo [3] proposed to split
the variance in its quantum and classical parts
V(ρ,A) = Q(ρ,A) + C(ρ,A), (4)
where Q(ρ,A) and C(ρ,A) correspond to the quantum
and classical uncertainties, respectively. Luo also estab-
lished a set of reasonable conditions that any measure
of quantum and classical uncertainty should satisfy. For
Q(ρ,A), these required properties can be stated as fol-
lows:
Q.1 If ρ is pure, then V(ρ,A) = Q(ρ,A) and C(ρ,A) =
0, because there is no classical mixing and all un-
certainties are intrinsically quantum.
Q.2 If [ρ,A] = 0, both are diagonal in the same basis
and ρ and A behave like classical variables. Hence,
all uncertainties are classical, i.e., Q(ρ,A) = 0 and
V(ρ,A) = C(ρ,A).
Q.3 Q(ρ,A) must be convex in ρ once classical mix-
ing does not increase quantum uncertainty, i.e.,
Q(∑i λiρi, A) ≤ ∑i λiQ(ρi, A), with ∑i λi = 1,
λi ∈ [0, 1] and ρi are valid quantum states.
Meanwhile, for C(ρ,A):
C.1 The same as Q.1.
C.2 The same as Q.2.
C.3 C(ρ,A) must be concave in ρ once classical mixing
increases classical uncertainty, i.e., C(∑i λiρi, A) ≥∑
i λiC(ρi, A), with
∑
i λi = 1, λi ∈ [0, 1] and ρi are
well defined quantum states.
Also, Dürr’s [11] and Englert et al.’s [12] established
criteria that can be taken as a standard for checking for
the reliability of newly defined predictability measures
P (ρ) and interference pattern visibility quantifiers V (ρ).
For P , these required properties can be stated as follows:
P.1 P must be a continuous function of the diagonal
elements of the density matrix.
P.2 P must be invariant under permutations of the
states indexes.
3P.3 If ρjj = 1 for some j, then P must reach its maxi-
mum value.
P.4 If {ρjj = 1/d}dj=1, then P must reach its minimum
value.
P.5 If ρjj > ρkk for some (j, k), the value of P cannot be
increased by setting ρjj → ρjj− and ρkk → ρkk+,
for  ∈ R+ and  1.
P.6 P must be a convex function, i.e., P (
∑
i λiρi) ≤∑
λiP (ρi), with
∑
i λi = 1, λi ∈ [0, 1] and for ρi
being valid density matrices.
Meanwhile, for any measure of the wave aspect V of a
quanton:
V.1 V must be a continuous function of the elements of
the density matrix.
V.2 V must be invariant under permutations of the
states indexes.
V.3 If ρjj = 1 for some j, then V must reach its mini-
mum value.
V.4 If ρ is a pure state and {ρjj = 1/d}dj=1, then V
must reach its maximum value.
V.5 V cannot be increased when decreasing |ρjk| by an
infinitesimal amount, for j 6= k.
V.6 V must be a convex function, i.e., V (
∑
i λiρi) ≤∑
i λiV (ρi), with
∑
i λi = 1, λi ∈ [0, 1] and ρi are
well defined density matrices.
In order to explore the relationship between the con-
ditions for a quantum uncertainty measure and those for
a visibility measure, let’s restrict ourselves to the con-
text of multi-slit interferometry, i.e, let’s consider that
the observable A is the projection onto one of the d-
paths of the interferometer: A = |j〉〈j|, for some path
(state) label j. In the extreme case where ρ is pure and
ρjj = 1/d, ∀j, the quantum uncertainty must be maxi-
mal V(ρ,A) = Q(ρ,A) = Qmax, and the visibility also
reaches its maximum value. Besides, there is no classi-
cal uncertainty C(ρ,A) = 0. In the other extreme case,
when [ρ,A] = 0, ρ is an incoherent state in the basis
shared by ρ and A, thus all uncertainties are classical
and V = Q(ρ,A) = 0, since there is no coherence in this
basis. Beyond that, if the state of the quanton is known,
we have that ρ is pure, and ρjj = 1 for some state index
j. Thus, V = Q(ρ, |j〉〈j|) = C(ρ, |j〉〈j|) = 0 and the pre-
dictability reaches its maximum value. In addition, the
visibility and the quantum uncertainty must be convex
functions of ρ, since classical mixture doesn’t increase the
coherence of ρ and its quantum uncertainty.
On the other hand, the relation between classical un-
certainty and quantum correlation is more subtle. It’s
known that complementarity relations for wave-particle
duality are saturated only for pure, single-quanton, quan-
tum states. For a maximally incoherent state the wave
and particle quantifiers can reach zero and no informa-
tion about the wave and particle aspects of the system
can be obtained. So, the information is being shared
with other systems, and these correlations can be seen
as responsible for the increase of entropy of the quanton
[26]. Thus, if the system ρ is not correlated with other
systems, then ρ must be pure. In this case, the classical
uncertainty C(ρ, |j〉〈j|) = 0. Moreover, when [ρ,A] = 0,
ρ is an incoherent state in the eigenbasis shared by ρ
and A, all uncertainties are classical. However, we can
always purify ρ and think of it as resulting from entangle-
ment with another system [32]. In addition, maximally
incoherent states are used to classify entangled states as
maximally entangled. Beyond that, it’s known that for
multipartite quantum system, any entanglement measure
must be a convex function [27]. However, the condition
(C.3) is related to the particular subsystem ρ. Hence,
the classical mixture ρ =
∑
i λiρi can be recast as the ef-
fect of local measurements, which is classified as a Local
Operation and Classical Communication (LOCC) [33].
This is stated below as a theorem. Hence, any entangle-
ment measure must be concave under classical mixtures.
Finally, we could add that the quantum and classical un-
certainties should be continuous functions of the density
matrix elements and invariant under permutations of the
paths (states) indexes.
Theorem 1. A classical mixture can be recast as the
effect of local measurements.
Proof. As usually, let’s consider that two parties, Alice
and Bob, share the pure state |Ψ〉A,B and Bob performs
a measurement on his quanton. The possible outcomes
of the measurement are labeled by j and the correspond-
ing orthogonal projectors by PBj = |j〉B 〈j|, i.e., PBj
are the spectral projectors of an observable that’s been
measured. Bob will get the result j with probability
pj = 〈Ψ|IA ⊗ PBj |Ψ〉A,B . After this outcome is detected,
the state becomes
ρ
(j)
A,B =
1
pj
PBj |Ψ〉A,B 〈Ψ|PBj . (5)
If Bob does not communicate the result of his measure-
ment to Alice, then Alice’s density matrix cannot change,
otherwise superluminal communication would be possi-
ble. So, in this case, Alice’s density matrix is given by
ρA = TrB(|Ψ〉A,B 〈Ψ|) = TrB(
∑
j
PBj |Ψ〉A,B 〈Ψ|PBj )
(6)
=
∑
j
pj TrB(p
−1
j P
B
j |Ψ〉A,B 〈Ψ|PBj ) (7)
=
∑
j
pj TrB ρ
(j)
A,B . (8)
This completes the proof.
4III. A COMPLEMENTARITY VIEW OF
UNCERTAINTY
To introduce quantum uncertainty, Luo considered the
following definition [5]:
Q(ρ,A) := Iwy(ρ,A) = −1
2
Tr([ρ,A0])
2
, (9)
where I(ρ,A) is the skew information introduced by
Wigner and Yanase, also known as the Wigner-Yanase
entropy. As pointed out by Luo [3], their interpretation
is that Q(ρ,A) quantifies the information contents of the
quantum state ρ with respect to observables not commut-
ing with (i.e., skew to) the observable A. Besides that,
Q(ρ,A) can also be regarded as quantifying the informa-
tion of observables not commuting with A in the state
ρ. Because of Bohr’s complementarity principle, we can
further interpret Q(ρ,A) as some kind of uncertainty of
A itself in ρ. Hence, the definition of classical uncertainty
is straightforward:
C(ρ,A) := V(ρ,A)−Q(ρ,A) = Tr√ρA0√ρA0, (10)
where A0 = A− Tr ρA.
As before, let’s consider the observable A as the projec-
tion onto one of the paths (or slit) of the interferometer,
i.e., A = |j〉〈j|, for some path (state) label j. In this case,
the quantum uncertainty of the path j is given by
Q(ρ, |j〉〈j|) = −1
2
Tr([
√
ρ, |j〉〈j|0])2 (11)
= −1
2
( 〈j|√ρ|j〉2 + 〈j|√ρ|j〉2 (12)
−
∑
k
〈k| ρ |j〉〈j| ρ |k〉 − 〈j|ρ|j〉) (13)
= 〈j|ρ|j〉 − 〈j|√ρ|j〉2 . (14)
If ρ is pure ∴ √ρ = ρ and Q(ρ,A) = 〈j|ρ|j〉 − 〈j|ρ|j〉2.
For 〈j|ρ|j〉 := ρjj = 1/d, ∀ j, the quantum uncertainty
reaches its maximum Qmax = (d − 1)/d2. On the other
hand, if the path is known, i.e., ρkk = 1 for some path
index k, then Q(ρ,A) = 0, even for k = j. Now, if
[ρ, |j〉〈j|] = 0, then ρjj = ρ2jj ∀j, and Q(ρ,A) = 0. We
can also define the quantum uncertainty of all d-paths:
Uq :=
∑
j
Q(ρ, |j〉〈j|0) (15)
=
∑
j
( 〈j|ρ|j〉 − 〈j|√ρ|j〉2) (16)
=
∑
j
(
∑
k
〈j|√ρ |k〉〈k|√ρ |j〉 − 〈j|√ρ|j〉2) (17)
=
∑
j,k
|〈j|√ρ |k〉|2 −
∑
j
〈j|√ρ|j〉2 (18)
=
∑
j 6=k
|〈j|√ρ |k〉|2 (19)
= Cwy(ρ), (20)
where Cwy(ρ) is the Wigner-Yanase quantum coherence
[30], which is is a bona-fide measure of visibility, as we’ve
shown in [25]. Besides, Uq also satisfies Luo’s criteria for
a quantum uncertainty. For the classical uncertainty of
the path j, we have
C(ρ, |j〉〈j|) = Tr√ρ |j〉〈j|0
√
ρ |j〉〈j|0 (21)
= 〈j|√ρ|j〉2 − 〈j|ρ|j〉
∑
k
〈k| ρ |j〉〈j| ρ |k〉
= 〈j|√ρ|j〉2 − 〈j|ρ|j〉2 . (22)
If ρ is pure, then C(ρ,A) = 0. On the other hand, if
ρ is incoherent, then C(ρ,A) 6= 0, and for the extreme
case ρ =
∑
j
1
d |j〉〈j|, the classical uncertainty reaches its
maximum Qmax = (d − 1)/d2. Meanwhile, the classical
uncertainty of all d-paths is given by
Uc =
∑
j
C(ρ, |j〉〈j|) =
∑
j
( 〈j|√ρ|j〉2 − 〈j|ρ|j〉2). (23)
Now, summing both uncertainties, we have
Uq + Uc =
∑
j,k
|〈j| ρ |k〉|2 −
∑
j
〈j|ρ|j〉2 (24)
= Tr(
√
ρ)
2 −
∑
j
〈j|ρ|j〉2 (25)
= 1−
∑
j
〈j|ρ|j〉2 (26)
= Sl(ρdiag), (27)
where Sl(ρ) is the linear entropy. So, we can establish a
complementarity relation between classical and quantum
uncertainties:
Uq + Uc ≤ Smaxl . (28)
But it’s possible to explore Eq. (27) even further. Since
for d paths with probabilities ρ11, ρ22, · · · , ρdd, the lack of
information about the j-th path is given by ρjj(1− ρjj).
The total lack of information about all the d-paths is
given by
∑
j ρjj(1 − ρjj) = 1 −
∑
j ρ
2
jj , which is equal
to Sl(ρdiag) = 1− Tr ρ2diag [34]. In other words, defining
Πj := |j〉〈j| as the the projection onto the path (state)
index j, the uncertainty of the path index j is given by
V(ρ,Πj) = Tr ρΠ2j − (Tr ρΠj)2 = ρjj − ρ2jj , (29)
such that the total uncertainty of the paths is obtained
by summing over j:∑
j
V(ρ,Πj) = 1−
∑
j
ρ2jj . (30)
Hence, as expected, Uq+Uc =
∑
j V(ρ,Πj). Beyond that,
Eq. (27) can also be rewritten as a complete complemen-
tarity relation between uncertainty and predictability:
Uq + Uc + Pl = Smaxl , (31)
5once Sl(ρdiag) is measuring our total uncertainty (or ig-
norance) about the paths, we can interpret Pl(ρ) :=
Smaxl −Sl(ρdiag) as measuring our capability of making a
correct guess about the possible outcomes in the path ba-
sis, i.e., if our total uncertainty about the path decreases,
our capability of making a correct guess has to increase.
Actually, Pl(ρ) is a bona-fide predictability measure [25].
It’s worth emphasize that predictive information outside
the realm of quantum science field is defined as the dif-
ference between a prior and posterior entropy measures,
and can be interpreted as the average information about
the state contained in a prediction [35]. In addition, we
can see that the coherences of ρ give rise to quantum
uncertainties and the classical uncertainty is due to the
possible correlations with others systems, if we consider
ρ as part of a pure multipartite quantum system.
Theorem 2. Let |Ψ〉A,B be a bipartite pure state of a
quantum system. Then, quantum correlations give rise
to local classical uncertainties and quantum coherences
give rise to quantum uncertainties. Conversely, classical
uncertainties are signatures of quantum correlations and
quantum uncertainties are signatures of quantum coher-
ences.
Proof. Without loss of generality, in the context d-slit
interferometry, let |j〉 describe the state corresponding
to the quanton taking the j-th path, the general state
is given by |ψ〉A =
∑
j aj |j〉, where aj represent the
probability amplitude of the quanton in the j-th path,
and {|j〉}dj=1 can be regard as a orthonormal path basis.
Consider now a path-detector which is capable of record-
ing which path the quanton followed. This path detector
is also a quantum object. The basic requirement for a
quantum measurement, according to von Neumann [36],
is to let the detector interact with a quanton and get en-
tangled with it, i.e., U(|j〉⊗|d0〉)→ |j〉⊗|dj〉, where |d0〉
is the initial detector state and U represents the unitary
evolution operator. Then, the state of the quanton and
the detector is given by
|Ψ〉A,B =
∑
j
aj |j〉 ⊗ |dj〉 , (32)
where |dj〉 is the state of the path-detector correspond-
ing to the quanton following the j-th path, and |Ψ〉A,B
represents a bipartite pure quantum system. Also, with-
out loss of generality, we consider the detector states
{|dj〉}dj=1 to be normalized, but not necessarily orthogo-
nal. Now, if we consider only the state of the quanton,
we have a mixed state described by
ρA = TrB(|Ψ〉A,B 〈Ψ|) =
∑
j,k
aja
∗
k 〈dk|dj〉 |j〉〈k| . (33)
If the states of the detector are completely distinguish-
able, i.e., 〈dk|dj〉 = δjk, then ρA =
∑
j |aj |2 |j〉〈j| is an in-
coherent state, and ρA commutes with any |j〉〈j|. Hence,
we have just classical uncertainty. On the other hand,
if the detector not couples with the quanton, then the
bipartite quantum system is separable, and the state of
the quanton is pure. Therefore, the uncertainty is only
quantum. For last, if the detector states are not mutually
orthogonal to each other, the off-diagonal elements of the
reduced density matrix ρA =
∑
j,k aja
∗
k 〈dk|dj〉 |j〉〈k| do
not necessarily vanish. But, the coherence of the quan-
ton will be certainly reduced in comparison with the pure
state |ψ〉A =
∑
j aj |j〉 [14]. Thus, part of the quantum
uncertainty will be transformed into classical uncertainty,
and we will have a mixture of both. It’s easy to see this
from Eq. (31), since Smaxl is a constant and Pl(ρ) is
not affected by the states of the path detector. Con-
versely, if we have only quantum uncertainty, ρ describes
a pure state and there will be at least a superposition
of two elements of the path basis, otherwise the path
will be known, which contradicts the hypothesis that we
have quantum uncertainty. At the other end, if we have
only classical uncertainty, ρ is incoherent in the path ba-
sis. However it is always possible to purify ρ by entan-
gling it with another system. The trivial case where ρ is
a projector on one of the uni-dimensional sub-spaces of
path basis, then ρ is pure and the path is known, which
contradicts the hypothesis that we have classical uncer-
tainty.
Hence, if we accept that Uq = Cwy(ρ) is measuring the
wave aspect and Pl(ρ) is a measure of the particle aspect
of the quanton, then Uc =
∑
j Tr
√
ρ |j〉〈j|0
√
ρ |j〉〈j|0 can
be considered a measure of the quantum correlations of
the quanton with other systems or degrees of freedom.
Theorem 3. Let |Ψ〉A,B ∈ HA ⊗ HB be the state
of a bipartite pure quantum system, with ρA =
TrB(|Ψ〉A,B 〈Ψ|). Then, Uc :=
∑
j C(ρA, |j〉〈j|) =∑
j Tr
√
ρA |j〉〈j|0
√
ρA |j〉〈j|0 is an entanglement mono-
tone, with
∑d
j=1 |j〉〈j| = Id×d.
Proof. • If |Ψ〉A,B is separable, then
ρA = TrB(|Ψ〉A,B 〈Ψ|) is pure, and
Uc =
∑
j( 〈j|
√
ρA|j〉2 − 〈j|ρA|j〉2) = 0.
• Uc ≥ 0, once that Uc :=∑
j Tr
√
ρA |j〉〈j|0
√
ρA |j〉〈j|0 =∑
j Tr ρ
1/4
A |j〉〈j|0 ρ1/4A ρ1/4A |j〉〈j|0 ρ1/4A =∑
j TrX
†
jXj ≥ 0, where Xj := ρ1/4A |j〉〈j|0 ρ1/4A .
• Uc is invariant under unitary local transformations.
To see this, let UA ⊗ UB |Ψ〉A,B , where UA, UB are
unitary operators in HA,HB , respectively. Thus,
ρ′A = UAρAU
†
A, and∑
j
C(UAρAU†A, UA |j〉〈j|0 U†A) = (34)∑
j
TrUA
√
ρAU
†
AUA |j〉〈j|0 U†AUA
√
ρAU
†
AUA |j〉〈j|0 U†A
=
∑
j
Tr
√
ρA |j〉〈j|0
√
ρA |j〉〈j|0 =
∑
j
C(ρA, |j〉〈j|).
6Otherwise, if UA commutes with |j〉〈j|, also∑
j C(UAρAU†A, |j〉〈j|0) =
∑
j C(ρA, |j〉〈j|0).
• Uc doesn’t increase under classical mixing
of ρA, which is a special type of LOCC [3].
More generally, using the Schmidt decompo-
sition |Ψ〉A,B =
∑
k
√
λk |φk〉A ⊗ |ψk〉B , we
can write √ρA =
∑
k
√
λk |φk〉〈φk|. Thus Uc =∑
j Tr
(∑
k
√
λk |φk〉〈φk| |j〉〈j|0
∑
l
√
λl |φl〉〈φl| |j〉〈j|0
)
is obviously invariant under the permutation of
the Schmidt coefficients. Besides,
∂Uc
∂λm
= (35)∑
j
Trλ−1/2m |φm〉〈φm| |j〉〈j|0
∑
l
√
λl |φl〉〈φl| |j〉〈j|0 ,
for m = 1, 2. Without loss of generality, if λ1 ≥ λ2,
then λ−1/21 ≤ λ−1/22 and
(λ1 − λ2)(∂Uc
∂λ1
− ∂Uc
∂λ2
) ≤ 0. (36)
Therefore Uc is monotonously decreasing under
LOCC [37].
It’s worth pointing out the apparent similarity be-
tween the predictability Pl(ρ) := Smaxl − Sl(ρdiag) =
Trρ2diag − 1/d and the Brukner-Zeilinger (BZ) invari-
ant information IBZ(ρ) := Trρ2 − 1/d [38]. However,
there is a fundamental difference between these quanti-
ties: the predictability is basis-dependent while the BZ
information is not. We can see this by considering a
2-level quantum system, whose state space is C2. In-
stead of using a Mach-Zehnder interferometer, we choose
particles with spin-1/2 whose magnetic moment is mea-
sured using a Stern-Gerlach apparatus [39]. The observ-
ables that we will consider are the components of the
magnetic moment of these particles in the direction z,
Sz = (~/2) |z+〉〈z+| − (~/2) |z−〉〈z−|, and in the direc-
tion x, Sx = (~/2) |x+〉〈x+| − (~/2) |x−〉〈x−|, where ~
is Planck’s constant, |z+〉 = [1 0]†, |z−〉 = [0 1]†, and
|x±〉 = (|z+〉 ± |z−〉)/
√
2. In this case, {|z+〉 , |z−〉} plays
the role of the path basis, and Sz can be the observable
related to the path information. Meanwhile, Sx is an
incompatible observable of Sz. Now, if we consider an
ensemble of particles prepared in the state
ρ = p1 |z+〉〈z+|+ p2 |x+〉〈x+| , (37)
with p1 + p2 = 1, which possesses quantum uncer-
tainty due to the incompatible observables |z+〉〈z+| and
|x+〉〈x+|, therefore possessing quantum coherence in the
basis {|z+〉 , |z−〉}. We can see that IBZ(ρ) reaches a
maximum when p1 = 0 or 1 (and p2 = 0 or 1) while
Pl(ρ) reaches a maximum when p1 = 1 and a minimum
when p1 = 0, once the predictability is a measure related
Figure 1: (Color online) Brukner-Zeilinger invariant
information and linear predictability of the states (37)
and (38).
to the state (path) basis {|z+〉 , |z−〉}. In contrast, let’s
consider the state
σ = p1 |z+〉〈z+|+ p2 |z−〉〈z−| , (38)
with p1 + p2 = 1, which possesses only classical uncer-
tainty. If we consider p1 = p2 = 1/2, then IBZ(σ) = 0,
whereas I(ρ) = 1/4, and Pl(ρ) = Pl(σ). Thus, the BZ
information can be lifted by quantum uncertainties while
the behavior of Pl is the same regardless of whether the
nature of uncertainty is quantum, classical, or even a
mixture of both. This stems from the fact that BZ infor-
mation can be taken as a measure of the local properties
of a quanton, i.e., its particle-wave nature. In Fig. 1, we
plot the behavior of IBZ(ρ), IBZ(σ), Pl := Pl(ρ) = Pl(σ)
as function of p1.
Theorem 4. The Brukner-Zeilinger invariant informa-
tion IBZ(ρ) := Trρ2 − 1/d measures the local aspects of
a quanton, i.e., its particle and wave aspects.
Proof. The proof follows directly by the definition of BZ
information:
IBZ(ρ) := Trρ
2 − 1/d =
∑
j,k
|ρjk|2 − 1/d (39)
=
∑
j
ρ2jj − 1/d+
∑
j 6=k
|ρjk|2 (40)
= Pl(ρ) + Chs(ρ), (41)
where Chs(ρ) :=
∑
j 6=k |ρjk|2 is the Hilbert-Schmidt
quantum coherence [40], which is also a bona-fide mea-
sure of visibility [25].
IV. AN UNCERTAINTY VIEW OF
COMPLEMENTARITY
Within this framework, we can interpret any complete
complementarity relation in terms of uncertainty. For
7instance, for any quantum state ρ of dimension d, the
relative entropy of coherence is defined as [13]
Cre(ρ) = min
ι∈I
Svn(ρ||ι), (42)
where I is the set of all incoherent states, and Svn(ρ||ι) =
Tr(ρ ln ρ− ρ ln ι) is the relative entropy. The minimiza-
tion procedure implies that ι = ρdiag =
∑
i ρii |i〉〈i|, thus
Cre(ρ) = Svn(ρdiag)− Svn(ρ). (43)
Once Cre(ρ) ≤ Svn(ρdiag), it’s possible to obtain an in-
complete complementarity relation from this inequality:
Cre(ρ) + Pvn(ρ) ≤ ln d, (44)
with Pvn(ρ) := ln d−Svn(ρdiag) = ln d+
∑
i ρii ln ρii as a
measure of the predictability, already defined in [12, 25].
Such measure is only possible to define because we can
interpret the diagonal elements of ρ as a probability dis-
tribution, which is a consequence of the properties of ρ
[25]. The complementarity relation (44) is incomplete
due to the presence of correlations. However, if ρ is a
subsystem of a bipartite pure quantum system |Ψ〉A,B ,
which allows us to take Svn(ρ) as a measure of entangle-
ment of the subsystem A with B [33]. So, it’s possible to
interpret Eq. (43) as a complete complementarity rela-
tion
Cre(ρ) + Svn(ρ) + Pvn(ρ) = ln d. (45)
Now, we can interpret Cre(ρ) and Svn(ρ) in terms of
quantum and classical uncertainties, respectively, i.e.,
U(ρ) := Cre(ρ) + Svn(ρ)1. Following [6], we can consider
the dephasing map D(ρ) =
∑
j 〈j| ρ |j〉 |j〉〈j|. The pro-
jective measurements {|j〉〈j|}dj=1 related to the paths are
a repeatable measurement, and so it is reasonable to de-
mand that a second measurement should not reveal any
quantum uncertainty in the state and is entirely classical.
Thus, we can take S(ρ||D(ρ)) = minι∈I S(ρ||ι) = Cre(ρ)
as the quantum uncertainty and S(ρ) as the classical un-
certainty. If ρ is pure, Svn(ρ) = 0 and U(ρ) = Cre(ρ). On
the other hand, if [ρ, |k〉〈k|] = 0, for some path index k,
then ρ is diagonal on the path basis. Hence Cre(ρ) = 0,
since S(ρdiag) = S(ρ) and U(ρ) = S(ρ). Also, it’s known
that Cre(ρ) is convex under classical mixtures [13] and
S(ρ) is concave under classical mixtures [32]. Hence, we
can also interpret Eq. (45) as a complete complementar-
ity relation between uncertainties and predictability.
Furthermore, we can use the fact that the coherences
and the quantum correlations of ρ give rise to quantum
and classical uncertainties, respectively, to obtain a com-
plete complementarity relation. In [25], we obtained an
incomplete complementarity relation using the l1-norm
1 Here, we won’t define Cre(ρ) + Svn(ρ) as V(ρ) because it is not
a variance.
as a measure of quantum coherence [13], just by exploring
the properties of the density matrix: since ρ is positive
semi-definite, we can use the fact that |ρjk| ≤ √ρjjρkk,
∀j 6= k [41] to obtain Cl1(ρ) + Pl1(ρ) ≤ d − 1, where
Cl1(ρ) =
∑
j 6=k |ρjk|, and Pl1(ρ) = d− 1−
∑
j 6=k
√
ρjjρkk
are bona-fide measures of visibility and predictability, re-
spectively. Now,
Cl1(ρ) + Pl1(ρ) = d− 1 +
∑
j 6=k
(|ρjk| − √ρjjρkk) (46)
can be rewritten as a CCR
Cl1(ρ) +Wl1(ρ) + Pl1(ρ) = d− 1, (47)
if we defineWl1(ρ) =
∑
j 6=k(
√
ρjjρkk−|ρjk|) as a measure
of quantum correlation. And we can see that Cl1(ρ) and
Wl1(ρ) give rise to quantum and classical uncertainties
by showing that these measures satisfy Luo’s criteria: if
ρ is pure ∴ |ρjk| = √ρjjρkk, ∀j 6= k, and Wl1(ρ) = 0.
In this case, we can interpret that ρ is part of a bipar-
tite pure separable quantum system. On the other hand,
if ρ is incoherent in the path basis, then Cl1(ρ) = 0
and Wl1(ρ) =
∑
j 6=k
√
ρjjρkk. For the extreme case
ρ =
∑
j
1
d |j〉〈j|, Wl1(ρ) = d − 1 reaches its maximum.
Now, the convexity of Cl1(ρ) was shown in [13, 25]. To
show the concavity of Wl1(ρ), it’s enough to note that
Cl1(ρ) =
∑
j 6=k |ρjk| and f(x1, ..., xd) = −
∑
j 6=k
√
xjxk,
with xj ∈ [0, 1], are convex functions, therefore −Cl1(ρ)
and −f(x1, ..., xd) are concave [42].
Theorem 5. f(x1, ..., xd) = −
∑
j 6=k
√
xjxk, with xj ∈
[0, 1], is a convex function.
Proof. We will prove convexity through the positivity of
the Hessian matrix (Hn,m) = (∂n∂mf), i.e., we will ver-
ify that 〈y|H|y〉 = ∑n,m y∗nymHn,m ≥ 0 ∀|y〉 ∈ Cd.
Once the diagonal and off-diagonal elements of H are
given, respectively, by: ∂m∂mf = 12
∑
j 6=m
√
xj/x3m and
∂n∂mf = −1/2√xnxm, we shall have:
〈y|H|y〉 =
∑
m
|ym|2 1
2
∑
n6=m
√
xn
x3m
+
∑
n 6=m
y∗nym
−1
2
√
xnxm
=
1
4
∑
m 6=n
(
|ym|2x1/2n
x
3/2
m
+
|yn|2x1/2m
x
3/2
n
− y
∗
nym + y
∗
myn√
xnxm
)
=
1
4
∑
m 6=n
x1/2n x
1/2
m
( |ym|2
x2m
+
|yn|2
x2n
− y
∗
nym + y
∗
myn
xnxm
)
=
1
4
∑
m 6=n
x1/2n x
1/2
m
∣∣∣∣ ymxm − ynxn
∣∣∣∣2 ≥ 0. (48)
This completes the proof.
To illustrate this complete complementarity re-
lation, lets consider the state [43] |Φ(p, )〉 =√
p |0, 0, 0〉A,B,C +
√
p(1− ) |1, 1, 1〉A,B,C +√
(1− p)/2(|1, 1, 0〉A,B,C + |1, 0, 1〉A,B,C), with
8p,  ∈ [0, 1]. The reduced state ρA is incoherent,
meanwhile
ρB = ρC = (p+ (1− p)/2)|0〉〈0|
+ (p(1− ) + (1− p)/2)|1〉〈1|
(
√
p(1− )(1− p)/2)|0〉〈1|+ t.c.), (49)
where t.c. stands for the transpose conjugate. In Fig.
2a we plotted the coherence of ρB , ρC , as well as the
correlation and predictability measures in Fig. 2b and
2c, respectively. By summing all three measures, we must
saturate the complementarity relation, as represented by
the plane in Fig. 2d, i.e., Cl1(ρ) + C
q
l1
(ρ) + Pl1(ρ) is
constant.
Now, for a bipartite quantum system in the state
|Ψ〉A,B = x |0, 1〉A,B +
√
1− x2 |1, 0〉A,B , with x ∈ [0, 1],
we have
Wl1(ρA) = Wl1(ρB) = 2x
√
1− x2, (50)
Pl1(ρA) = Pl1(ρB) = 1− 2x
√
1− x2, (51)
Uc(ρA) = Uc(ρB) = 2x2(1− x2), (52)
Pl(ρA) = Pl(ρB) = 1/2− 2x2(1− x2), (53)
Svn(ρA) = Svn(ρB) = −x2 lnx2 − (1− x2) ln
(
1− x2),
(54)
Pvn(ρA) = Pvn(ρB) = ln 2 + x
2 lnx2 + (1− x2) ln(1− x2),
(55)
where Uq(ρA) = 12E2(ΨA,B), with E(ΨA,B) being the
concurrence measure of entanglement [44] andWl1(ρA) =
Ccl1(ρA,B), with C
c
l1
(ρA,B) being the l1-norm correlated
coherence [45]. In Fig. 3, we plotted the different mea-
sures of predictability and correlation for comparison.
Lastly, we will obtain the complete complementarity
relation for the Hilbert-Schmidt norm (or l2-norm)[13]
through the variance of the generalized Gell-Mann’s ma-
trices (GMM). By doing this, we generalize the relation-
ship between wave-particle quantifiers and uncertainties
explored by [46, 47] for qubits. Let {|j〉}dj=1 be any given
vector basis for Cd. Using this basis, we can define the
generalized GMM as [48]:
Γdm :=
√
2
m(m+ 1)
m+1∑
l=1
(−m)δl,m+1 |l〉〈l| , (56)
Γsj,k := |j〉〈k|+ |k〉〈j| , (57)
Γaj,k := −i(|j〉〈k| − |k〉〈j|), (58)
where, if not stated otherwise, we use the following pos-
sible values for the indexes m, j, k: m = 1, · · · , d −
1 and 1 ≤ j < k ≤ d. Now, since
d−1∑
m=1
〈
Γdm
〉2
= 2(
∑
j
ρ2jj − 1/d) = 2Pl(ρ), (59)∑
j<k
(
〈
Γsj,k
〉2
+
〈
Γaj,k
〉2
) = 2
∑
j 6=k
|ρjk|2 = 2Chs(ρ), (60)
(a) Cl1 (ρB) as a function of p, .
(b) Wl1 (ρB) as a function of p, .
(c) Pl1 (ρB) as a function of p, .
(d) Cl1 (ρ) +Wl1 (ρ) + Pl1 (ρ), as function of p and , is
constant.
Figure 2: (Color online) Quantum coherence and
correlation and predictability measures, and their
complementarity, for the state in Eq. (49).
9Figure 3: (Color online) Comparison between different
measures of predictability and their respective
correlation measures of Eqs. (50)-(55).
where Chs(ρ) =
∑
j 6=k |ρjk|2 is the Hilbert-Schmidt (or
l2-norm) quantum coherence [40], and 〈Γ〉 = Tr(ρΓ). The
variance of these observables is a straightforward calcu-
lation:∑
m
V(ρ,Γdm) =
2(d− 1)
d
− 2Pl(ρ), (61)∑
j<k
(
V(ρ,Γsj,k) + V(ρ,Γaj,k)
)
= 2(d− 1)− 2Chs(ρ).
(62)
By summing Eqs. (61) and (62), we obtain the complete
complementarity relation
C(ρ,Γ) + Chs(ρ) + Pl(ρ) = d− 1
d
. (63)
where C(ρ,Γ) := 12
∑
m V(ρ,Γdm) + 12
∑
j<k(V(ρ,Γsj,k) +
V(ρ,Γaj,k))− (d− 1) is a measure of classical uncertainty,
once it satisfies Luo’s criteria. In addition, Eq. (63)
is equivalent to the complete complementarity relation
obtained by us [29] exploring the purity of multipartite
quantum systems, where C(ρ,Γ) = 1 − Trρ2 = Cnlhs is
a measure of the quantum correlations of ρ with other
systems, which, for bipartite pure quantum system, is
equivalent to that obtained by Jakob and Bergou [49] us-
ing the concurrence as a measure of quantum correlation.
Even though the quanton described by ρ is part of a mul-
tipartite pure quantum system, ρ represents mixed quan-
tum states in general. Therefore, Pl(ρ) + Chs(ρ) ≤ d−1d
and we have the following uncertainty relation for the
generalized Gell-Mann’s matrices:
1
2
∑
m
V(ρ,Γdm) +
1
2
∑
j<k
(V(ρ,Γsj,k) + V(ρ,Γaj,k)) ≥ d− 1.
(64)
To summarize the role of the different entropies in un-
certainty and complementarity relations explored in this
paper, we use Table (I):
Entropy Usefulness in uncertainty relations Usefulness in complementarity relations
Sl(ρ) Measure of classical uncertainty Measure of correlation with other systems
Sl(ρdiag) Measure of total uncertainty Can be used to define predictability
Svn(ρ) Measure of classical uncertainty Measure of correlation with other systems
Svn(ρdiag) Measure of total uncertainty Can be used to define predictability
Table I: Role of different entropies in uncertainty and
complementarity relations.
V. CONCLUSIONS
In the context of complementarity relations, we showed
that quantum correlations give rise to local classical un-
certainties, if we consider the quanton part of a pure
multipartite quantum system, meanwhile quantum co-
herence give rise to quantum uncertainties. In addition,
we showed that the quantum uncertainty of all d-paths
is equivalent to the Wigner-Yanase quantum coherence,
meanwhile the classical uncertainty can be taken as a
correlation quantifier. The relationship between Luo’s
criteria for quantum and classical uncertainties and Dürr-
Englert et al.’s criteria for wave-particle duality was dis-
cussed. Finally, by exploring the relation between uncer-
tainties and wave-particle duality, we obtained a quan-
tum correlation measure that completes the l1-norm and
l2-norm complementarity relations. We believe that our
results help understand that neither complementarity nor
uncertainty can be considered more fundamental than
the other, which still is a vividly debate [50–54]. Instead,
complementarity and uncertainty are intrinsically con-
nected to each other, for both follow directly from the
mathematical structure of quantum mechanics.
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